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SCM Parameters for Node-B and UE
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SCM Parameters(1/2)

Qng, Qug: orientations of Node-B and UE between North and
broadside.

0, m4op: @bsolute angle of departure (AoD) for the mth sub-path
within the nth path in relation to Node-B broadside.

en,‘m,AoD = eNB'|'57'L,A0D'|'An,m,AoD
Oy5: LOS AoD direction between eNB and UE relative to the
broadside of the eNB array.

On aop: ACD forthe n,, (nN=0,1,2,...,N—-1) path relative to the
LOS AoD 6y5.

An,m,AoD:Offset for the my, (m=0,1, 2, ... ,M — 1) sub-path of the
nth path relative to §;, 4op.
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SCM Parameters(2/2)

01.m 404 : @bsolute angle of arrival (AoA) for the mth sub-path within the nth path
in relation to UE broadside.

Bnmaoa = Ouetdna0atDnm a0
0y Angle between eNB and UE LOS and the broadside of the UE array.
Ona0a- AOA for the ny, (n=0,1, 2, ... ,N = 1) path relative to the LOS.

An,m,Ao0A:Offset for the mth (m =0, 1, 2, ... ,M = 1) sub-path of the nth path
relative to &, 4o4-

The angles measured in a clockwise direction are assumed to be negative.
0,,: angle of the velocity vector v relative to the UE broadside.
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Antenna Configuration

Antenna Configuration :

Q
Q
Q
Q
Q
Q
Q
Q
Q

M: the number of rows per polarization per panel

N: the number of columns per polarization per panel

M:xry: the number of TXRU per column per polarization per panel
N xry: the number of TXRU per row per polarization per panel
Polarization flag: 0: V-polarization, 1: X-polarization

K: the number of virtualization weight per columns for each TXRU
L: the number of virtualization weight per rows for each TXRU

dy: horizontal antenna element spacing
dy: vertical antenna element spacing
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Introduction
@ The relationship between

Rectangular and
Spherical Coordinate

System:
(x =rsinfcos ¢

— r&in Bdd
y=rsinfsing

(7 radius
@ : polar angle ?
\¢ :azimuth angle T i Polar angle

N
.

o Area dA = r’sin0dBdé kZ =rcosd
@ A unit vector in spherical

] \ .
y o\ ‘-.
>y coordinate system

|Ill r
/
NS |
AN | sinfcos¢ |
sin @'sin ¢

cos &

_._—d———-":____ﬂ__,ﬂr
y » = % ‘“%
Figure 2.1 Spherical coordinate system. 8 ﬁ Q 5. l t -
[1 , p21 ] National Chung Cheng University



— 4

=y

Figure 2.5 Planar arrays.
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Frequency-wavenumber Response and Beam
Patterns(1/17)

@ In this section, we analyze the response of an array to an external signal

field.
@ The sensors spatially sample the signal field at the locations p,,,n = 0,1, ..., N —

1.
@ This yields a vector of received signals denoted by

p -
i | External
) signal

f(tap()) il
f(tap1) T2

t (t’ p) - : ® Prs Sensor input

_f(r,;aNl)J /

x ¥y
WhCI’C Figure 2.8 N-Element array. [1 ’ p27]

£ =
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Frequency-wavenumber Response and Beam
Patterns(2/17)

@ We process each sensor output by a Linear Time-Invariant(LTI) filter with
impulse response h,,(t) and sum the outputs to obtain the array output y(t).

fitp,) .
where e () 0
i : /T
hy (7) .
Array
h1 ( T ) * output
h (T) - . s _'_"’) by (T) > |
) Sensor output _ o ,
h (T)J Figure 2.9 Array with linear processing.
V- 12 =l National Chu#mg Cheng Univerjsity




Frequency-wavenumber Response and Beam
Patterns(3/17)

@ The array output in the transform domain is given by

Y(0)=[" y(t)edt =H' () F(w)

—00

where -
H(w) = f h(t)e™?*dt,
— 00

and .
F(w,p) = / £(t, p)eTtdt.
-— 00

In most case, we suppress the p dependence on F(w, p)
and use F(w).

DL 7840 > #I|FFourier transform » &]¥tsensorlfi {5

signalf& B85 T4 ELTI filterZ?ﬁEl’\]signa;3 ﬁ @J é ?{) l )l: ,u%

National Chung Cheng University



oY(w) = [ y(D)e J¥tdt

Let s=t—r1
Qo — Jr_‘x’oo Jr_oooo KT (t — T)f(T, p)dr o= IOt gy and ds = dt
o= [ [ hT(s)f(z,p) e T*CDdrds
Q= f_oooo hT(S)e—ja)SdS fjooof(r’ p) e—ja)TdT

o=H"(w)F(w, p)

€ ss72n
14 National Chung Cheng University



Frequency-wavenumber Response and Beam
Patterns(4/17)

@ Consider the input is a plane wave with radian frequency w
propagating in the direction a which is a external unit vector,

a=—u=—[sinfcos¢,sinOsing,cosb |7,
where the minus sign arises because of the direction of a.

Plane wave

*p

Figure 2.10 Array with plane-wave input.
€y sz72rs
[1 ’ p29] 1 5 National Chung Cheng University



Frequency-wavenumber Response and Beam

Patterns(5/17)
@ If f(¢t) is the signal that would be received at the origin of the coordinate,
then the signal received at array is z
I £ (t.p,) —‘ (f(t_%) ?(aw)
t, t—1
f(t,p)E f( pl) f( . 1) 0 |
. : 0 v
S | F(-es)) ‘
T T
C C
/
c is the velocity of propagation. RS 7, u / .
f(tpn)
o o

16 fle+ )

c



Frequency-wavenumber Response and Beam
Patterns(6/17)

T ax(px+axn)+ay(py+ayn)+az(pz+azn)=0
a
@ Proof : Delay 7 = ap &P tap,ta.p,

C a’ +ay2 +a’

potan| 4 P, — p|= \/(axn)2 +(ayn)2 +(azn)2

p=|p, tan .
p.+an Plane wave:ax+a y+az=0 = n\/(ax )2 +(ay) +(az )2
\
o A () ) (o)

2 2 2
a’+a; +a,

B ap.ta,p, ta.np,

2 2 2

Jia) +(a,) +(a.)

=a,p.+ta,p,+a.p.

—sinfcos ¢ _ aT
unit normal vector a =| —sin #sin ¢ p
T
—cosd a
T = P

n

C
&y si7ant
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Frequency-wavenumber Response and Beam
Patterns(7/17)

@ With the external unit vector a, the array output in the transform domain
IS

f (t — 7Ty ) e dt _e—ja)ro
» f(t—rl)e_j”’dt e /n —|D/“)

j f (t—7y.)e’"dt —e_jMN_lj

—00

T T Array manifold vector
< Phase shift

F(o)=[ 1 ()e oy s2TErd

18
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Frequency-wavenumber Response and Beam
Patterns(8/17)

f (t )EI’\]F ourier transformna] Bk
®)= j f(1—7,)e ' dt(Zs=t—7, > ds=dt)

J‘ —]a)(s+r )dS
— e /¥ f f(s)e‘j”sds
=e¢ '""F(w) < {Ftransform{g - B[E] 7= 5 5EH 2 &

& siTixs
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Frequency-wavenumber Response and Beam

Patterns(9/17)
@ For plane waves, define the wavenumber k as
[ sin&cos ¢ |
1) 27 27 2| . :
k=—a=—a=——u=————sinfsing
c A A A
| cosf |
o7, =k'p,
+ The magnitude of the wavenumber is |k| = 277/}’

@ Array manifold vector (steering vector) vy (k)

20 National Chung Cheng University



Frequency-wavenumber Response and Beam
Patterns(10/17)

e sirirs
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Frequency-wavenumber Response and Beam
Patterns(11/17)

@ Delay-and-sum beamformer (or conventional beamformer)
+ Shift the input from each sensor so that the signals are aligned in time and add

them.

o Inthis case, h,(t) = (1/N)8(t + 7,,) and y(t) = f(¢t).

5(r+ro) ]
1 §(r+rl)
hiz)=—
(7)=+ :
_5(T+TN_1)_
_eja”o ] _ejksTPo ]
Jjor K py
—>H(w):% R LY
Eaial L

[1, p.31]

fi-zy) rr—— = __ﬂﬂ_ ______ 1
T b L . e, |
| |
<y | : |

e | £ (Ol 0=re
siiliune //" 4 I
i |
. | . I
Aty | — fiv |
|_' N-J |

k : the wavenumber of plane-wave signal of interest

22

Figure 2.11 Delay-and-sum beamformer.
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Frequency-wavenumber Response and Beam
Patterns(12/17)

1
h(t)=—0(t+7
. (7) N (t+7,)
fiFourier transform
- | o 1 |
H (w)=| h(r)e’dr=| —o(r+1,)e’dr
(@)= () |y oe+)
1

—_ e_ja)(_z-n )

T s272nt
23 National Chung Cheng University



Frequency-wavenumber Response and Beam
Patterns(13/17)

@ The basis functions of input field are plane waves of the form,

f(tp,)=exp| jo(i-7,)] =6Xp[j(a)t—kTpn)} n=0,1,-
—>f(t,p)3 v, (k)e™

Array manifold vector

@ Then the array output becomes :
We emphasize the
dependence of the output

y(t.k)= joo h' (7)f(t—z,p)dr upon the input
- | wavenumber k in y(t,k).
=T TN ey e ~ v, (k,)v, (k)e'™ (2.35)

where H () is the Fourier transform of h(7).

€ ss72n
24 National Chung Cheng University



Frequency-wavenumber Response and Beam
Patterns(14/17)

@ Accordingly, the array output in the frequency domain can be written as
Y(w.k)=H" (0)v, (k)
@ Frequency-wavenumber response function of the array:

Y(o,k)=H' (a)) v, (k) (2.37)

+ |t describes the complex gain of an array to an arbitrary input plane wave with
wavenumber k and temporal frequency w.

@ Beam pattern: B(w:0,9) = Y(a),k)| 2

k=73(9,¢)

¢+ The beam pattern is the frequency-wavenumber response function evaluated
versus the direction.

¢ a(0,¢) is a unit vector with spherical coordinate angles {6, ¢}.

€ ss72n
25 National Chung Cheng University



Frequency-wavenumber Response and Beam
Patterns(15/17)

@ Let AT,,,,,, be the maximum travel time between any
two elements in the array; B, be the bandwidth of input
plane wave.

@ If input signals satisfy B, - AT,,,,, < 1, then they are
referred to as narrowband signals.

@ In the narrowband case, the delay is approximated by
a phase shift. This implementation is commonly
referred to as a phased array and is widely used in
practice.

f-0) _ W
—_’@ " Figure 2.12 Narrowband beamformer implemented using phase shifters.
Phase shifter
Y
_f{.f-'f) (r 1 f(f)
®*'E*" [1, p.39]
A
» ']

//"

. .
ft=ty,} - J:(U

€ ss72n
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Frequency-wavenumber Response and Beam
Patterns(16/17)

@ In many applications, we want to adjust the gain and phase of the output
of each sensor to achieve a desirable beam pattern.

@ Define the complex weight vector as follows.

A complex
weight can
represent the
gain and phase.

T
w=[w, w \

@ Accordingly,

w'=H' (o)
(235) - y(t.k)=H"(o)v, (k) =w"v, (k)™ (Ef(tp)=v,(k)e™)
(2.37) > Y(o.k)=w"v, (k)

€ ss72n
27 National Chung Cheng University



Frequency-wavenumber Response and Beam

Patterns(17/17)
Slt=1y) yolt)
> oW >
flt—) : nit) @ (i)
/ A
- L
o .
. »
Jlt=1y,) . Yua(t)
N -1 » o
\ Figure 2.13 General narrowband beamformer.

T ™ Gain

- -

- ——— ]

[1, p.36]
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Uniform Linear Arrays
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. = ef:::l’o sindcos ¢
Uniform Linear Arrays(1/17) | ]ﬂa 4
cosd

e*jkTPAul J

@ Uniform linear array (ULA)

+ There are N elements located on the z-axis with uniform spacing
equal to d.

+ We have placed the center of the array at the origin of the coordinate
system for computational advantages.

+ The locations of the elements are

% Polar angle

[ N-1
pZ :(n——)d’ n:O’l’.-. """"""
< 2 N-1
= = O. k/l;(;:rin;l\l\

kp X, p Yn / >fn§e|di/)

+ Then the array manifold vector is Reference point at orig i
(zero delay )
N-1 N-1 ( N-1 r
(5 5 Jus
nlk)” {e e (1)
2
¥y
27 : Azimuth

where k£ =-— - cos@®  Note that the linear angle 0

1, p.37]

Figure 2.14 Linear array along z-axis.

array has no resolution f
capability in the ¢-
direction.



Uniform Linear Arrays(2/17)

@ Example
v, (k) &jH | | |
—wr,=-2rf (J —l)Az/ICOS@, _onf (] —1);;:08% . (] —l)z’cos@
where d =A, A e

(.,-' _ ]')Ab 'Aa COs ?‘z'b

é’* Rx antenna j
9 -

(j-1)d
UE side Y
— 1 A, =1/2(or others)
A,-A L=nA,
L
| Q =cosg,
A |

Reference point

31 n, : number of antennas at eNB



ULAs cannot distinguish the regions between 0 <6 <mand n <6 < 2.

@ Frequency-wavenumber response function of ULA:

Uniform Linear Arrays(3/17)

Y(w,k,)=w"v, (k

N-1 . —j(n—
S
n=0

(2.37): Y(o,k)=H' (@) v, (k)
_e—ja)ro _ _e—jkTpo -
: |7 sin & cos ¢
e " e kP Tl
v, (k)= - I ———1sinfsin g
, cosd
e /T e_jkTpN—l
N-1
D Py =00 Py, =(1=——)d
i - jk. (O—M)d
e
N-1
~ k. (1==2)d )
v (k)=|€ and k_= —77[0039

e

- k.(N-1-22hd

32
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Uniform Linear Arrays(4/17)

@ Define
27 27d St ff A Ebeam pattern

=—kd=—cos0-d=——-u
'7” z Z 2/ z

where u_ = cos @ is the directional cosine w.r.t. the z-axis.

@ Then the frequency-wavenumber function in y-space:

N-1 N1
o * g 2 2
Y,,,(W):e N E w e, —%dél//ﬁ%d
n=0

+ The propagation signals are in the visible region where 0 <
0 < m, which implies —2nd /A <y < 2nd/A.

€ ss72n
33 National Chung Cheng University



Uniform Linear Arrays(5/17)

@ Array manifold vector in 8, u and y space:

@cosé’

(v, 0] ="

( _NTJTd . n=0,1,---

/\
1
<

S
—~~
<
~

S

@ For ULAs, we normally write the array manifold vector in terms of .

€ ss72n
34 National Chung Cheng University



Uniform Linear Arrays(6/17)

@ The beam pattern in three different forms:

N-l ](n—N—_ljw cosé
B,(0)=w"v,(0)=> we" ’ , 0<0<~x

n=0

Nl J( _N_jsz
B (u)=w"v, (u)=) we' *’* , —1<u<l

n=0

N 27d 2rd
B, (y)=w"v,(v)= OWne]( 24 TSvET

R © S ENE



Uniform Linear Arrays(7/17)

@ Example (Beam pattern in 8 space)

« If the signal arrives from a signal direction 8, then the optimal receiver projects
the received signal onto the vector

'(n—b)m cos 6

where [vy(0)],, = e/\"" 2 )72 n=01..N—1, 6 ¢€(0,mx].

+ A signal from any other direction (6 # 0) is attenuated by a factor of Bg(8) =
w(0)vy(6).

€ ss72n
36 National Chung Cheng University



Uniform Linear Arrays(8/17)

@ Example (Beam pattern in 8 space) (Cont.)
+ Derivation of beam pattern

-1 . N-1\27xd ~ 4 V=1\27xd
~ ~ 31 —Jin- 3 ——cost — Tcos@
B, ((_ o —e e’
/ \ / N - n=0
[ N-1)\2zd - N1 27rd 1 27zd aV
1 Nl ](n— ]—(cos@—cost o= 1—
2 A ’
Y - Y e o -
N = N l-a
2xd
N-1)7dQ IN—=0Q
B _ N Dmdts i” l-e 4
o € 2rd
N j=0
l-e #
where €2, =cosf and Q = cos 0 —cos 2[
Nl NZg N Nlo
_le A l—e A _le A —e 4
N -i"a o N %o a
e * l1—-e 4 e *+ —e 4
A\
d N is the number of antenna

37 elements.
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Uniform Linear Arrays(9/17)

@ Example (Beam pattern in 8space) (Cont.)

g

Signal direction 8 = 60°; Inter-element spacing d = 1/2

+ Beam pattern is the plot

~

B, (( ,27)

v

¥

iversity
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Uniform Linear Arrays(10/17)

@ Example (Beam pattern in 8space) (Cont.)

Signal direction 8 = 60°; Inter-element spacing d = 1/2

(1R o

(PR

07

06

0.3

04fF

0.3

D2

oi1f

g ol

]
230 300 3350 400

200
) © NS
National Chung Cheng UniversityD
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@ https://octave-online.net/

octave:6> theda = 0:0.01:2%pi; theda_tilde = 68*pi/180; N=4
N= 4

octave:7= B = 1/N .#* sin{MN .* pi * 1/2 .#{cos(theda) .- cos{theda tilde))) ./ sin(pi.*1/2 .#{cos(theda)

octave:8> subplot(l,2,1); polar(theda, abs(B)); subplot(l,2,2); ploti(theda,abs(B))

068 —

0.4 =

0.2

Ll

0 1 2 3 4 <] 5]

- cos(theda_tilde)));

E G

Cheng University


https://octave-online.net/

@ https://octave-online.net/

octave:9> theda = 0:0.01:2%pi; theda tilde = 60+*pi/180; N=16
N= 16
octave:10> B = 1/N .* sin(N .* pi * 1/2 .*(cos(theda) .- cos(theda_tilde)))

N =16

./ sin(pi.*1/2 .

octave:11> subplot(1,2,1); polar(theda, abs(B)); subplot(l,2,2); plot(theda,abs(B))

41

0.8

06

04

0.2

*(cos(theda) .- cos(theda_tilde)));

I lI

thﬂ?ij!Tm”M h

0 1 2 6 7

. ]
National Chung Cheng University


https://octave-online.net/

Uniform Linear Arrays(11/17)

@ Example (Beam pattern in 8space) (Cont.)

+ The previous plots are with the same wavelength, but with different number
of antenna elements.

+ However, a shorter wavelength allows to use more antennas in the same
physical space.

+ Therefore, if we consider the same aperture area for two systems working at
two different carrier frequencies, the system with a shorter wavelength will
allow beamforming with higher gains than the system with a longer
wavelength.

+ Accordingly, the previous plots can also be interpreted as

» With the same physical space, one’s carrier frequency is four times the size of
the other.

» Thus the one with higher carrier frequency use more antennas (say N = 16)
than the other (N = 4).

€ ss72n
42 National Chung Cheng University



Uniform Linear Arrays (12/17)

+ If the uniform weighting w? = 1/N[1,1, ... 1] is adopted, then the beam pattern

in 6 space is:
Think why the T ﬂ ﬂ
maximum broadsid os|
gain occurs at | © 0sk
broadside? ™ 1

(1R

(1]

[

(1]

0zpE

o

o ab 100 150 200 230 300 3350

€ ss72n
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Uniform Linear Arrays (13/17)

@ If the weight vector w is chosen from the vectors of DFT matrix U (DFT
beambook), we can put all the beam patterns associated with each
weight vector into a polar plot.

DFT matrix
1 —j27xnm Jk

[U]nmz—e N onom=0,1,....N -1 W=(a) ]

N ] VN ) o n

1 1 .o 1 W= e
—j2x —i27(N-1)
1 1 e N o e N

U=—|

N|: : : .

—j2x(N-1) — 27 N-1)(N-1)

€ ss72n
44 National Chung Cheng University



Uniform Linear Arrays (14/17)
Bd By A/2 > N=8

octave:6> theda = 0:0.01:2*pl1; N=8;

v =e.~(j.*(0:N-1)".#2.*pi.[1./2]*cos(theda));

U=1./N .* e.™(-].*2.%pl.*(0:N-1)"'.*(0:N-1)./N);

B = U*v,; 90
polar(theda/abs(B)|); 1

120 | FE 60

150

180

210

240 _ V[ \J 300




Uniform Linear Arrays (15/17)

octave:11> theda = 0:0.01:2*pi; N=64;
vV ==e.j.*(0:N-1)".*2.*pi.*1./2.*cos(theda));

EzEd A2 » N=64

U=1./N .* e.™(-].*2.*p1.*(0:N-1)"'.*(0:N-1)./N);

B = U*v;
polar(theda,abs(B));




Uniform Linear Arrays (16/17)

@ The beam patterns in different forms for this case:

Visible region Virtual region [1’ p'46]
1
sin Ndkz o
1 27y
. A T2 0
—k -
[0 : ,
— y -space
1 Sln(ﬂ-]ﬂ\f COS&] 05 l//_.._..kz.d. -
- g ,0< <1 o | NN i
sin (” cos 6’] ,"’t ° . > >
-
7Z-Nd uls_uz :COSQ 50 {oatio S -
i sin( 2 uj
— ,—1<u<l
N . (=nd
sin| —u
$3
sin N
1 v 2rd 2rd - |
= 7 ,— ) SlyST 180° 90° 0 ~-90° -180
N sin(l//) Fi : g N
igure 2.18 | Ty (v)| for a linear array with d = A/2 and N = 10.

e - l hd
47 M National Chung Cheng University



Uniform Linear Arrays (17/17)
Beam pattern for 10-element uniform array (d = A/2)

[1, p.45]

Figure 2.17 Polar plot of Bg(f). (in dB &) ‘Z;.%) I~ ,u%
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Array Performance Measures

Outline
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Beam Pattern Parameters

3-dB beamwidth (half-power beamwidth, HPBW)
Distance to first null (twice this distance is BWNN)
Rayleigh resolution limit

Distance to first sidelobe and its height

Location of remaining nulls

Rate of decrease of sidelobes

Grating lobes

v X

B2 1

National Chung Cheng University



Beam Pattern Parameters

@ To illustrate the first two
parameters, let us consider the
beam pattern B, (u) near the origin.

8(u)

1
: (ﬂNd j /}( Ay = HPBW
Sin u
1 A 0.707

B (u)=— ,—1<u<1 (2.96)

N . (ﬂ'd j
sin| —u
A

N i
2 _l\j_i ° _::\/L
Nd Nd Nd Nd
{ E
Aty =BWpp
k [1, p.47]

91 M National Chung Cheng University



HPBW (3-dB Beamwidth)

@ We can find the HPBW in u-space (Au, ) by setting |B,(w)| = 1//2.
Thus, |B,(w)|? = 0.5.

@ For N = 10, a good approximation is obtained by solving ”TNdu = 1.4

(2.98).
A A g_7
o Then, =2 = 14— 0 ==-6
2 nNd
A . (7 . (A
Qo _>Au1 = (0.891 — u:cosﬁzsm(——szsm(H)
Nd 2
Table 2.2 HPBWs in Various Spaces 0 =sin™' (u)
Space Arbitrary d d= A2 = .
” 0891 7821 - O.S_AQ =sin"' (0.5Au)
i — A =2sin"' (0.5Au)
g 2sin~! (0.44655) | 2sin™' (0.891%)
small o ELSQI% radians | ~ 1.782+ radians
6 ~ 51.057; degrees | ~ 102.1% degrees 1 0.48
v 0.801%7 0.891 %% [1, p-48]
ks

0.8012% 1.782 2% (ﬂ_% A ‘é.?f’ IF

We define @ = r/2 — @ as the angle measured from broadside (see Figure 2.2). National Chung Cheng University



[1]Problem 2.4.7

@ In order to find the exact HPBW, we must solve

‘Bu (u)‘2 =0.5,
where B, () is given by (2.96).

+ (a)One approach to finding an approximate expression for the HPBW is to
expand |B,(u)|? in a second-order Taylor series around u =0. Use the
expression for B, (u) given in (2.263) to simplify the derivatives. Compare
your result to the result in (2.98).

+ (b)Use (2.96) to find the exact result as a function of N and compare the
result with (2.98).

€ ss72n
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B,y 2w,
» __V; (N —m)cos my

2 2 2
d|Bl//(l//)| +W2 d |BW(W)|
dy 2 dy

W20 [B, ()| ~|B, (O +

=0 y=0

2

m=1

_i+_Z(N m)+l//(_72m(N m)smml//j +W2(_15 NlmZ(N m)cosmwj

N N?

;T+ 2 ((N—HN-I;IH)(N-I)J v (N‘;zzvzj

N(N-1) -1 ,[ N*-1
:_—|— :1_
N N 7 ( 12 J v ( 12

=0 w=0
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[1]Problem 2.6.6

@ In order to find the directivity of a uniformly weighted linear array that is
pointed at Yr | itis convenient to rewrite the beam pattern

@ (a)Show that

N-—1
2
B,(y)= % {1 + 22 CcoOSs ml//} , N odd, (2.260)

m=1

and

N

1. N-—1
B, ()= ~ 22 cos(m— T)l// , N even, (2.261)
m=0

where
W= 27;d cosO—y, = 27d cos@ = sz cos@, (2.262)
@ (b)We then written
. Ny
5 S1n > 1 1 N—1
1B, ()| = o =Nt > (N —m)cosmy, (2.263)
NSlnz m=1

HWgq Verify this expression for N=2, 3, 4, and 5 ﬁ @ 5?{) £ 7 ‘“%
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Null-to-null Beamwidth (BW,,)

@ The nulls of the pattern occur when the numerator of B, (u) is zero and
the denominator is non-zero:

. (ﬂ'Nd )
sin u
1 A

2 —0
N . (ﬂ'd )
sin| ——u
A
LENd i (1, p.49]
P Table 2.3 BWpx in Various Spaces
— U= Na Space Arbitrary d d=\/2
d U 2% _:’_
—>7u =mmr, m=1,2,--
1 6 2sin~? (%) 2sin™! (&)
=um small 8 ~ 22 radians | ~ & radians
] L ;|
p e 2 i
> BW,, = 0w, =2 ke L3 ik



Rayleigh Resolution Limit

@ One-half of BW,,, is referred to as the Rayleigh resolution limit. This
quantity provides a measure of the ability of the array to resolve two
different plane waves.

@ Two plane waves are considered resolvable if the peak of the second beam
pattern lies at or outside of the null of the first beam pattern (separation >
Au, /2).

0.8

0.6

0.4

0.2

D21

0.4
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Distance to the First Sidelobe and Its Height

@ The maxima of the sidelobes occurs when the numerator

of beam pattern is a maximur -

) (ﬂ'Nd )
1sm 7 u
B,(u)=—

N . (ﬂ'd j
sin| —u
A

,—1<u<l

_)

A
A
—>u zi—(2m+l),m=1,2,---
2Nd

— Then the peak of the first sidelobe occurs at

u:ii (asm=1)
2Nd

— The maxima of the first sidelobe is

) (ﬂ'Nd j ) (372)
sin u sin| —
1 A B 2

1 1
N . (3x
sin| —
2N

N . (ﬂd )
sin| —u
A

”Ndu :i(%+mﬂ):i%(2m+l), m=1,2,---

. (37[]
| sin|
——<=-0.2203

10 . (37zj
Sinn| —
” ﬁ

B2 1
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Grating Lobes (1/2)

@ A grating lobe is a lobe of the same height as the main lobe.

@ Grating lobes occur when both the numerator and denominator of
beam pattern equal zero.

. [N
1 Sm(?"”j 27d A
B = —>K=m-7r—>w:m-27z:m—u—>u:m-—, m=1,2,...
N . (1 2 A d
sin| —y
2 2rd 2rd

=——u,2rm=——u
T p

@ To avoid the occurrence of grating lobes, it should be d < %
Visible region in u-space: —1<u <1
1 2 WAL E A S5 —{Emain lobe
it . e
N |um _um+1| <o 5 d<Z 52 visible region = A —{Emain lobe

We refer to a ULA with d = 1/2 as a standard linear array.
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Grating Lobes (2/2)

Visible region
T

The problem of
A grating lobes is
b identical to the
[\f\/\[\ﬂ[\ﬁ problem of
aliasing in time
series analysis,

~ 1 which occurs

| when we

1 undersample
\[\l the time domain
3 waveform.

[1, p.51]

2P TR

ional Chung Cheng University

3

Figure 2.20 Effect of element spacing on beam pattern: (a) d = A/4; (b)
d=X/2; (c)d= A
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Array Steering (1/9)

The maximum response of an array occurs at broadside, or k, = 0.(when

w=1 for all element) & B 24 {Hantenna elementfyweightT—1 -

miebroad side B H{EATH]
In most applications we want to be able to position (or steer) this
response to an arbitrary wavenumber or direction. This is called array
steering.

Array steering cause the frequency-wavenumber function (say in u-space)
to shift in u-space.

Note that this shift can cause grating lobes to move into the visible region.

€ ss72n
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Array Steering (2/9)

@ There are two ways to accomplish array steering: mechanical and electronic
steering.

@ Mechanical steering is to change the location of the sensors so that the
axis is perpendicular to the desired steering direction.
+ Often mechanical steering is not possible because of either the large physical

dimensions of an array when operating with long wavelength signals or the need
to re-calibrate sensors when they are moved.

@ Electronic steering is to introduce time delays (or in the narrowband case,
phase shifts) to steer the main response axis(MRA) of an array.

+ With the advances in very high speed signal processors, electronic steering is
being used much more extensively in array processing, not only because of the
restrictions of mechanical steering but also because of its flexibility and its ability
to change the response function rapidly.

€ ss72n
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Array Steering (3/9)
@ Consider the steering processor I, (k) to steer the array in a specific
direction k4, which is the target wavenumber or steering direction.

@ The output would be aligned if k = k. We accomplish this with an N X N
diagonal steering matrix

e L 0 - e
1T
Al 0 kP 0 o KP
Li(k) = o 0 vi (k)=
i 0 . e 0 e.ﬂ"; Py ) e_jkTpN—l J
f(t,p) = & vic(k) f5(t,p) = " vic(k — kr)

w(w) —» y(1)

Now, the weight vector w can be MRC, etc.

(1, p.52] f}} BL P I F
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Array Steering (4/9)

@ The overall frequency-wavenumber response is

Y(w,k

k,)=H"(0)v, (k-k;)=w"(0)v, (k-k;).

@ When we use uniform amplitude weighting w? = (1/N) [1,1, ... 1],
the beam pattern is

B.(k:k;)=wv, (k _kT) B %Zj_ol ¢ /) e,

=%vf (k, ), (K).

@ We refer to B.(k : k;) as the conventional beam pattern.

€ ss72n
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Array Steering (5/9)

@ For a ULA, the conventional beam pattern can be written

B, (vivr)=—vy (vr)v, (v)
B, (u:) =" (), () =
B, (6 HT):%vg(HT)VQ(Q)—

) ( T Nd
sin
1 A

(=)

N sin(ﬂj(u—uT)j

sin ( ﬂ]/;]d (cos@—cos b, )j

sin (ﬂj (cos@—cos b, )j

=

66

The expressions in y-
space and u-space
correspond to shifts in
the pattern, but its
shape is not changed.
This property of shifting
without distortion is one
of many advantages of
working in y-space and
u-space.
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Beam pattern(dB)
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octave:19> u =

B = 1/N
theda = -p1:0.81:p1;

BE = 1/N
plot(u,1@.*logle(abs{B)."2));
polar(theda, 25+max(10.#*logl@(abs(BB)."2),

LFsin(M

LEosiniN

¥ opl

Ao

*od

-3:0.01:3; N=10; d=2/3;
JEopl

VR

-25));

uT=cosd(60};

A(u-uT)) . Ssin(pl d . #{u-uT));

.* (cos(theda)-uT))./sin(p1 .
ylim([-25,0]);

set (gca,

T i I | |
n .'I II 'l I|| ||| || 'I[' _
| | i | |
| | ) | i
Ll '!'|- | | -|ﬂ' (I —
| l | |l
Il " .| ‘ lﬁ,l "'|| I
|| [ I ||n f ﬁl -ﬁ.
I ‘ hluﬁ |‘|||'|‘ iy I “ ‘Wj‘ |'||‘ I m
i “""! “""" Hl' I
L1 VRV TV TERS LI
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'rtick',

150
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octave:31> u =
B =1/N .#sin(N

BB = 1/N .* sin(N

Lk opl
plot(u,1@.*logle(abs(B)."2));
polar(theda, 25+max(10.#*logl@(abs(BB)."2),-25));

Aod o (u-uT) ) Ssinipl LA d L F(u-uT) )
*#d .* (cos(theda)-uT))./sin(p1
ylim([-25,0]);
set (gca,

-3:0.81:3; N=10; d=1/2;
¥ opl
theda = -p1:0.81:p1;

uT=cosd(®);

T | | T |
| { |
[ Il
= |
| |
S | H
| |
| | |
-10 —1 | L—
A |""' I ."'I| i Il
| A il || | | 1
( || I ||| [ |‘
Myl iy e 1 '
“r VA II|||. | ll I"| N ‘| [l I' |r' I| ‘_
“ |1'H||;|||‘ h| ||';|||| || |||||||||
AT LA DA
e ._||||||||‘|||||H 1| | .|||||||
-3 1] 1 2

3

Eod

'rtick’,

&0

H{cos(theda) -uT));

[G:5:25]):
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240

270
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Array Steering (6/9)

@ As we steer the array so that the main response axis is aimed at 9,
the u-space beam pattern shifts so that the center peak is at u =
cos(8). This shift causes the grating lobes to move into the visible

Beam pattern (dB)
n L4 |
O U'I (=] U'I (=] 01

L o
O'l l (=] W | tn

Beam pattern (dB)
| | 3

n
O

[1, p.

-

region.

grating lobe

 N=10,d=24/3, 6=60",

_m,..gé%iﬁimwi\1 _
'ﬁﬂ{ Wﬂﬂﬂﬁm{ Wﬂnnnﬂm \ﬂﬂnnmﬂﬂ] \(\ﬂm\n

R ——
i\
~ grating lobe 7

g

ratlng lobe

w\ﬂﬂﬂﬁﬂﬂﬂﬂ/

(a)

NIOd ,1/290

gratlnglobé | |
N VIS|bIereg|on

\ﬂmmm

3

V\IU\\I J

~

gratlng lobe

ﬂﬂﬂqpﬂﬂﬂ/

M
| o
(4]
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Array Steering (7/9)

@ In order to avoid a grating lobe from moving into the visible region, in
general we require

d< 1 1

A 1+|cosé,

ax

j— ) — )
1+ ‘sm O max

T . :
Omax = ——06__ 1s the angle measured from broadside.

@ 0. IS the maximum angle to which the array will be required to
steer.

¢ This result follows from calculating the location of the first grating
lobe as a function of d/A with 8 = 0,,,«. Thus, the restriction is
d < A/2, if the array is required to steer 0 < 6 < 180".
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Array Steering (8/9)

@ The behavior in y-space and u-space is useful. However, the signals
originate in a (68, ¢) space, and we need to understand the behavior in
that space.

@ In 8-space (i.e., angle space),

. [ TNd
1sm( . (cos@—cos@T)j

N in (%d(cos 0 —cos 0, ))

B,(0:6,) = V4 (6,)v,(6) =

€ ss72n
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Comparing this pattern with the
pattern in Fig. 2.17, we see that
the beamwidth of the main lobe
has increased.

y Conventional beam
/120 pattern after shifting 60°
from broadside

180 By.(8 : 0r) in G-space

Figure 2.23 Beam pattern for 10-element uniform array (d = A/2) scanned

to 30° (60° from broadside).
[1, p.56] ﬁ B2 TP E A%
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Beam pattern for 10-element uniform array (d = A/2)

H.W.

a0 a0
50 "~ Conventional beam pattern without
¥ shifting
Figure 2.17 Polar plot of Bg(#). (in d%
1, p.45 g =I5
[ P ] 74 u National Crﬁ: Cheng University



A
Aui = 0.801 —. 2.100
w1 9 Na ( )

Array Steering (9/9)

1 sin[ﬂ;-ri (cosf ~ cosfp)]
Boe(6 : 07) = — . 2.131
0c(9 : 07) = sin[%¢ (cos @ — cos fr)] R

@ To investigate the behavior of the HPBW in 8-space, we use (2.131)
and (2.100). The right and left half-power point in u-space are
respectively:

A A

u, =u,+0450—, u, =u,. —0.450—.
R T Nd L T Nd

@ Change to 6-space (6 corresponds to u;and 8; corresponds to uy)

cosd, =cosb, — 0.450i
Nd

cost, =cosl, + 0.450i
Nd

A A
0, =0,—6, =cos” 0, —0.450— |-cos™ 0, +0.450 —
. =0, —0, =cos [cos . Na’j CcOS (cos . Ndj

REIfEeHS » HPBW in 9-spacelfy i @kt
(RSEZ ) ﬁ

B2 1
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[1]Optimum Array Processing: Part IV of Detection, Estimation, and
Modulation Theory, Harry L. Van Trees, April 2004 — Chapter 2

€ ss72n
76 National Chung Cheng University



Thank you
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